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Lo1 cam on

Luan van nay dugdc hoan thanh tai truong Dai hoc Khoa hoc - Dai hoc Thai
Nguyén. Tac gid xin bay t6 long biét on sau sic ddi véi GS.TSKH Nguyén Vian
Mau (Truong DH Khoa hoc Ty nhien, DHQGHN), thay da tryc tiép huéng dan
tan tinh va dong vién tac gia trong sudt thoi gian nghién ciu vita qua.

Xin chan thanh cadm on tdi cac quy thay, co gido da truc tiép gidng day 16p cao
hoc Toan K11, cac ban hoc vién, va cac ban dong nghiép da tao diéu kién thuan
lgi, dong vién giap dé tac gia trong qua trinh hoc tap va nghién ctu tai truong.
Tac gia ciing xin bay t6 long biét on sau sic tdi gia dinh va nguoi than luon khuyén
khich dong vién tac gid trong sudt qua trinh hoc cao hoc va viét luan van nay.

Maic du c6 nhiéu c6 gang nhung luan van kho tranh khéi nhitng thiéu sot va
han ché. Tac gid mong nhan dugc nhitng ¥ kién dong gop ciia cac thay co va cac
ban doc dé luan vin duge hoan thién hon.

Xin chan thanh cam on!

Thai Nguyén, thang 11 nam 2019
Tac gia

Dang Thi Thu Ha
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MG dau

Trong cac ki thi hoc sinh gidi toan cac cap, Olympic Toan sinh vién, cac bai
toan lien quan t6i phuong trinh Diophant (dang tuyén tinh va phi tuyén) thuong
xuyén duge dé cap. Nhitng dang toan nay thuong duge xem 1a thuoc loai khé vi
phan kién thtc vé phuong trinh Diophant tong quat khéng ndm trong chuong trinh
chinh thiic ctia gido trinh S6 hoc va Dai s6 bac trung hoc pho thong.

Dé dap tng nhu cau boi dudng gido vien va bdi dudng hoc sinh gidi vé chuyen
dé phuong trinh Diophant, toi chon dé tai luan van "Mot s6 phuong phap giai cac
dé thi Olympic vé phuong trinh Diophant".

Tiép theo, khdo sat mot s6 16p hé phuong trinh Diophant lién quan.

Cau tric luan van gom 3 chuong:

Chuong 1. Céc kién thic b ttc vé s6 hoc va phuong trinh Diophant co ban.

Chuong 2. Cac phuong phéap giai phuong trinh Diophant.

Chuong 3. Cac dang toan lién quan dén hé phuong trinh Diophant.

Tiép theo, cudi cac chuong déu trinh bay cac bai tap ap dung va giai cac dé thi
HSG qubc gia va Olympic lién quan.



Chuong 1. Phuong trinh Diophant va
hé Diophant co ban

1.1 Phuong trinh Diophant tuyén tinh

Ta nhic lai thuat toan Euclid va lien phan s6 da dude trinh bay tuwong doi chi
tiét trong chuong trinh toan bac THCS.

Dinh nghia 1.1. S6 nguyén ¢ dugdc goi 1a mot uée sé chung ctia hai s6 nguyén a
va b (khong dong thoi bang khong) néu ¢ chia hét a va ¢ chia hét b (hay a va b
déu chia hét cho c).

Dinh nghia 1.2 (xem [3,5, 7]). Mot uéc s6 chung d ctia hai s6 nguyén a va b
(khong dong thoi bang khong) duge goi 1a uée s6 chung 16n nhat ciia a va b néu
moi udc so6 chung ¢ ctia a va b déu 1a ude cia d.
Nhan xét 1.1. Néu d 1a uéc s6 chung 16n nhat ciia a va b thi —d ciling 1a uéc sd
chung 16n nhat ctia a va b. Vi vay, ta quy uéc rang udc sd6 chung 16n nhat cua a
va b 13 s6 nguyen duong.

Udc s6 chung 16n nhat ciia hai s6 a va b duge ky hieu 1a (a,b) hay ged(a,b)
(greatest common divisor). Nhu vay d = (a, b) hay d = ged(a, b).
Vi du 1.1. (25,30) = 5, (25,-72) = 1.

Dinh nghia 1.3 (xem [3,5,7]). Mot s6 nguyén ¢ duge goi 1a mot uée s6 chung cuia

bo n s6 nguyén ai, as,as, ..., a, (khong dong thoi bang khong) néu ¢ 1a uéc cla
moi s6 do.

Dinh nghia 1.4 (xem [5,7]). Mot u6c s6 chung d ctia bo n s6 nguyén aq, as, as, . . ., a,
(khong dong thoi bang khong) duge goi 1a ude s6 chung 16n nhat cta aq, as, as, . . ., a,
néu moi uéc sd6 chung ¢ cla ay, as, as, ..., a, déu la udc cla d.

Tuong tu, ta cling quy udc rang udc s6 chung 16n nhat clia n s6 nguyén
ai,as, as, ..., a, la sd6 nguyén duong.



Uéc s6 chung 16n nhat ctia aq, as, as, . . ., a, ky hieu 1a
(ay,as,as,...,a,) hay ged(ay,as,as, ..., a,).
Nhu vay d = (ay, a9, a3, ..., a,) hay d = ged(aq, as, as, . .., ay,).

Dinh 1y 1.1 (Uéc s6 chung 16n nhat ctia nhiéu s6). Cho cac sé nguyén aq, as, as, . . ., a,
S

khong dong thoi bang khong. Khi dé ton tai ude s6 chung 16n nhat clia a1, as, as, . . . , a,.

Tinh chat 1.1. Cho a,b,q,r la cac s6 nguyen (a? + b* # 0). Néu a = bqg +r va
0 <r <|b| thi (a,b) = (b,r).

1.1.1 Nghiém riéng

Trong muc nay, ta trinh bay hai thuat toan tim nghiém riéng ctia phuong trinh
Diophant, d6 la thuat toan gian phan va thuat toan Euclid.
Xét phuong trinh Diophant tuyén tinh

Az + By = C. (1.1)

Dé tim nghiém riéng dua vao gidn phan, ta tién hanh thiyc hién theo céc bude nhu
sau:

- Bu6c 1. Tim d = (A, B) dé dua phuong trinh (1.1) vé phuong trinh (1.2) v6i
(a,b) = 1. phuong trinh Diophant tuyén tinh

ax + by = c. (1.2)
La
- Buée 2. Viét m = lag; a1, ag, . .., ayl.
- Bude 3. Tinh gidn phan C,_1 = [ag; a1, ..., Gp_1] = Pn-1. Suy ra p,_1 va
dn—-1

dn—1-
- Bu6ce 4. Suy ra mot nghiém riéng (g, 3p) ctia phuong trinh (1.2).

z0=(—1)"eq,
Néwp > 0 thy d 70~ DT e

(—1)".c.pn_1.
(__l)n—l
(=D"

1 n—1

.C.(n—-1

Yo
) L
Néu b < 0 thi
Yo

.C.Dp—1-

Bai toan 1.1. Giai phuong trinh Diophant tuyén tinh

342z — 123y = 15. (1.3)
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Lot giar. Phuong trinh da cho tuong duong véi phuong trinh

114x — 41y = 5. (1.4)
114 )
Tac6 — =(2; 1, 3,1, 1, 4], v6i n = 5.
41
25
o= —21,31,1]=2 Dy = 25
q4 9 nén
(Pa, q1) = 1 Ga =79

Do b = —41 < 0 nén mot nghiém riéng cua (1.4) la

zo=(—1""'59 = 45
yo = (—1)°1.5.25 = 125.

Vay nghiém ctia phuong trinh (1.4), tiic phuong trinh (1.14) la

r= 45+ 41t
y = 125 + 114t

,t e Z.

Dé tim nghiém riéng dua vao thuat toan Euclid, ta tién hanh thyc hién theo
cac budc nhu sau:

- Bu6e 1. Xac dinh d = (|A],|B|) theo thuat toan Euclid md rong.

- Buéce 2. Biéu thi d nhu mot t6 hop tuyén tinh ctia A vi B, ching han

d=nA+mB (n,m¢€Z).

PR C
- Bu6c 3. Nhan hai ve dang thic trén véi 7 ta thu dugce

Cn Cm
A—+B—="C.
d * d
- Budc 4. Suy ra mot nghiém riéng (g, 3p) ctia phuong trinh (1.1) 1a
( Cn
=5
.
_Cm
SO

Bai toan 1.2. Giai phuong trinh Diophant tuyén tinh

342z — 123y = 15. (1.5)



)
Loi gidi. Vi (342,—123) = 3|15 nén phuong trinh da cho ¢6 nghiém. Ta ¢6

342 = 123.2 + 96,

123 = 96.1 + 27,
96 = 27.3 + 15,
27 = 15.1 + 12,
15 =12.1+ 3,
12 = 3.4 +0.

Suy ra
3=15—-121=15— (27— 15.1).1 =15.2 - 27.1
= (96 —27.3).2 —27.1 =96.2 — 27.7 = 96.2 — (123 — 96.1).7
=96.9 — 123.7 = (342 — 123.2).9 — 123.7 =
= 342.9 — 123.25.

Suy ra
342.45 — 123.125 = 15.

Tu do, phuong trinh (1.14) ¢6 mot nghiém riéng la
(203 90) = (45;125).

Suy ra nghiém tong quat ciia phuong trinh (1.14) 1

( 123
r =45+ —t
3
S ,t el
342
y =125+ —1
. 3
hay
r =45+ 41t
,t e .
y =125+ 114t

Dinh 1y 1.2. Xét phuong trinh Diophant tuyén tinh
a1T1 + asre + ...+ a,x, = C. (1.6)
1. Phuong trinh (1.6) c6 nghiém khi va chi khi d = (ay, ag, ..., a,) |c.

2. Néu phuong trinh (1.6) ¢6 nghiém thi né sé c6 vo s6 nghieém.



Ching minh.
1) =). Gia su (%1, T, . . ., T,) 1a mot nghiém ctia phuong trinh (1.6), tic 1a

n
E a;T; = C.
i=1

n
Ta ¢6 d = (ay, as,...,a,), suy rad|> a;T;, suy ra d|c.
i=1

<) Ta chiing minh khang dinh bang phuong phap quy nap theo n.

V6i n = 2, khang dinh 13 dung.

Gia st khang dinh ding vé6i n = k (k > 2).

Véin=k+1,xét d= (ay, as,...,ars1) |c, ddt h = (a1, as,...,ax). Khi do, ta
co

d= (h7 ak+1) |C

Suy ra, ton tai t, Ty € Z dé
ht + ag1Tg41 = .

Vi I |ht nén theo gia thiét quy nap sé ton tai Ty, To, ..., Ty € Z dé

k
Z a;r; = ht.
1=1

Do do
k1
E O/Z‘Ei = C.
i=1
Vay nén phuong trinh ayz1+asxs+. . .4ar1Tk11 = ¢ c6 nghiém (1, To, . . ., Tpy1)-

2). Ta chiing minh khang dinh bing phuong phap quy nap theo n.

V6i n = 2: khang dinh 1 dang. Gid st khang dinh diing véi n = k (k > 2), ttic 1a
k
phuong trinh > a;2; = ¢ néu ¢6 nghiém thi sé c6 vo s6 nghiem. Véi n = k + 1, ta
=1
Z k+1 ) )
sé chiing t6 phuong trinh > a;z; = ¢ néu ¢6 nghiém thi sé c¢6 vo sd nghieém.
=1
Z k+1
That vay, goi (f1,t2, ..., t+1) 1a mot nghiém ctia phuong trinh ) a;z; = ¢, tic
i=1

N

la
k+1

E Cliti = C.
1=1



